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Abstract 

A Hilbert manifold structure is described for the phase space T of 
asymptotically flat initial data for the Einstein equations. The space of 
solutions of the constraint equations forms a Hilbert submanifold C d T. 
The ADM energy-momentum defines a function which is smooth on this 
submanifold, but which is not defined in general on all of The ADM 
Hamiltonian defines a smooth function on T which generates the Einstein 
evolution equations only if the lapse-shift satisfies rapid decay conditions. 
However a regularised Hamiltonian can be defined on T which agrees with 
the Regge-Teitelboim Hamiltonian on C and generates the evolution for 
any lapse-shift appropriately asymptotic to a (time) translation at infinity. 
Finally, critical points for the total (ADM) mass, considered as a function 
on the Hilbert manifold of constraint solutions, arise precisely at initial 
data generating stationary vacuum spacetimes. 
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1 Introduction 

It has long been known that the Einstein equations can be expressed as a Hamil- 
tonian field theory, at least formally. Our aim is to justify these calculations 
by providing Hilbert space structures in which important quantities such as the 
constraint map and the total energy-momentum, become smooth functions. We 
work with a phase space J- consisting of pairs {g, vr) of x local regularity 
with decay appropriate for asymptotically fiat spacetimes. Our main results 
imply in particular: 

• the constraint set C is a Hilbert submanifold of J- (Theorem 13. T2() : 

• the ADM energy- momentum is a C°° function on C (Theorem 14. 
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• a regularization Ti.{g, vr; of the Regge-Teitelboim (RT) Hamiltonian is 
C°° on and generates the correct equations of motion (Theorem I5.2() ; 
and 

• constrained critical points of the regularized Hamiltonian TC on C corre- 
spond to Killing initial data (Theorem I6.1() . 

In ^we show that the set of asymptotically flat solutions to the constraint 
equations ^{g,TT) = is a smooth Hilbert submanifold of the phase space J^. 
This is the property of linearization stability JJj, so-called because it implies 
that any solution of the linearized Einstein equations corresponds to a curve of 
solutions of the nonlinear equations, provided a suitable local existence result 
is available for the regularity class in question. 

However, the best local existence and uniqueness results for the vacuum 
Einstein evolution at present require slightly more: {g, n) G x H^^^ with 
s > 2 [UlSnil^- Interestingly it has been conjectured that this can be improved 
to s = 2, the case examined here, and possibly even to s > 3/2, but the 
calculations here rely heavily on s = 2 and it is not clear whether they can be 
extended further. 

The ADM total mass and energy momentum ^ are defined by limits at 
infinity of coordinate-dependent integrals. The consistency of these definitions, 
and their independence of the coordinate framing, is established in ^ this ex- 
tends previous results Furthermore, the the ADM energy-momentum 
is a smooth function on the constraint manifold C; however, it is not finite in 
general on J^. 

The Einstein evolution equations may be written in Hamiltonian form 
with the lapse-shift ^ freely specifiable. In ^we show that the ADM Hamil- 
tonian is also smooth on J^, provided ^ decays suitably, and its derivative on 
generates the evolution equations. To extend this result to ^ asymptotic to 
a time translation at infinity we modify the RT Hamiltonian to construct 
a regularized Hamiltonian which is smooth on all and agrees with the ADM 
energy-momentum on C C J-'. 

It is appealing to conjecture that, although the Hamiltonian flow vector 
field is only densely defined on J^, it might still be possible to construct integral 
curves directly, perhaps by a judicious choice of lapse-shift ^ to smooth the 
tangent vectors. This would amount to a direct proof of local existence for 
s = 2 and is unlikely to succeed, because it does not take into account the 
characteristic structure of the Einstein equations, which plays an important 
role in other approaches to the low-regularity local existence problem [211 l3Uj . 

The lapse-shift in the regularized Hamiltonian may be regarded as a La- 
grange multiplier for constrained variations, and in ^we use this to establish 
rigorously an identity of Brill-Deser-Fadeev jlO, , which equates constrained crit- 
ical points of the ADM energy with Killing initial data, i.e. D^{g,Ti)*^ = 0. 

Critical points of energy arise naturally from the mass-minimizing definition 
of quasi-local mass fS', ISl, which motivates the conjecture that mass-minimizing 
extensions of a given region (r2,(7, vr) are stationary. The static case has been 
established in ^3] by a different method, but a direct variational proof, based on 
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extending the results of ^to data sets with boundary, would be more natural. 
This question will be addressed in future work. 

2 Notation and Formulae 

In this section we introduce the basic framework and notations used in the pa- 
per, and recall some well-known formulae concerning the constraint equations. 

Let be a connected, oriented and non-compact 3-dimensional mani- 
fold, and suppose there is a compact subset A^o C M. such that there is 
a diffeomorphism : Ai\Aio Ei, where C is an exterior region, 
Eb. = {x M.^ : \x\ > R}. We also use the notation Bji for the open ball of 
radius R centred at G M^, Ar = B2b\Br for the annulus and Sr = BBr for 
the sphere of radius R. Although we assume dM = for simplicity, most of 
the earlier results are valid also when ^^A is non-empty and consists of a finite 
collection of disjoint compact 2-surfaces. Let g he a, fixed Riemannian metric 
on M satisfying g = <j)*{5) in M\Mq, where 5 is the natural flat metric on M^. 
In the terminology of [Sj, (/> is a structure of infinity on M. Let r G C°^{M) 
be some function satisfying r{x) > 1 Vx G 7W and r{x) = \x\ Vx G 
Using r and g we define the weighted Lebesgue and Sobolev spaces jS] L|, 
1 < p < cxD, (5 G M, as the completions of C^{M.) under the norms 

\ i/p 

k 

\\u\\k,p,6 = X] ll^''^llp,<5-i' 
3=0 

if p < oo, and the appropriate supremum norm if p = oo. Here dvojV are 
respectively the volume measure and connection determined by the metric g. 
The weighted Sobolev space of sections of a bundle E over Ai is defined similarly 
and denoted W^'^{E). We distinguish especially the spaces 

g = w^!f/2(5), /c = w]_'l^{s), 

where S = S'^T*Ai is the bundle of symmetric bilinear forms on Ai, S = 
S'^TAi (X" A^T*Ai is the bundle of symmetric tensor-valued 3-forms (densities) 
on Ai and T is the bundle of spacetime tangent vectors. Thus, for example, 
£ is a class of spacetime tangent vector fields on Ai, and C and £* are dual 
spaces with respect to the natural integration pairing. The following Hilbert 
manifolds modelled on Q are natural domains for asymptotically flat metrics: 

= {g -9-9^0,9 >o}, 

= {9eg+,A5<5< 0<A<1. 

We note that by virtue of the Sobolev inequality and the Morrey lemma j3], 
tensors in Q are Holder continuous (with Holder exponent 1/2) and thus the 
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matrix inequality conditions on g in the definitions of Q^,Q^ are satisfied in 
the pointwise sense. The Hilbert manifold we shall consider as the phase space 
for the Einstein equations is then 

T = g+xic. (1) 

Theorem 14.71 shows that is independent of the choice of structure of infinity 
((>. 

If we suppose that is a spacelike submanifold of a 4-dimensional Lorentzian 
manifold (spacetime), then the second fundamental form or extrinsic curvature 
tensor K is the bilinear form defined by 

K{u,v)=g^^Hu,Vi'^n), (2) 

where g^^\ V*-^-* are the spacetime metric and connection, u,v are tangent 
vectors to Ai and n G T is the future unit normal to Ai. It is often convenient 
to use the conjugate momentum vr as a reparameterisation oi K — we adopt 
the definition 

TT^^ = {K'^ -tr^Kg'^)^, (3) 

where = ^/^etg / ^/^etg denotes the volume form of the induced metric g, 
so vr is a section of the bundle S = S'^TM ® K^T*M. Either {g.,K) or (g,7r) 
can be used as coordinates on and we will move freely between these two 
parameterisations in the following formute. 

For sufficiently smooth metric g and second fundamental form K (or vr) , the 
constraint functions <I> = (<I>o,<&i) = ^{g^ii) are defined by 

$0(5, vr) = {R{g) - \K\'' + {tTgKf) 

= R{g)^-iH'-Utr,7Tf)/V9 (4) 

$i(5,vr) = 2 {V^Kij - ViitVgK)) ^ 

= 2gijVkTr^\ (5) 

where R{g), V, tr^ are respectively the Ricci scalar, covariant derivative and 
trace of the metric g, and |Xp = g^^g^^KijKki. Notice that $ takes values in 
T* (8) A^T*A4, the bundle of density-valued spacetime cotangent vectors on M. 
If the Einstein equations are satisfied then the normalisation chosen ensures 
that $ and the stress-energy tensor are related by = 16vrKT„Q,^/^, where 
n = eo is the future unit normal to A^, k is Newton's gravitational constant, 
and Tnay/g is the local energy-momentum density 4-covector as seen by an 
observer with world vector n. Consequently our sign conventions vary slightly 
from those used in [22l El • 

The functional derivative is given formally by 

D<^o{g,7r){h,p) = 

i6g6gh - AgtTgh) ^ - hij {Rid^ " '^R{g)g'') ^ 

+ h,, (tr.vrvr*^- - 2vr^vr'^^- + i Ivrj^^*^' - Ktr.vr)^^*^) 

+ p'^ {iTgirgij - 2vrij) /^/g, (6) 
D^i{g,T^){h,p) = 7Ti''{2VjKk-V^hjk) + '2hijVk7T^^ + 2gikVjp^\ (7) 
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where SgSgh = V^V^hij. Multiplying by {N,X^) and integrating by parts and 
ignoring boundary terms gives formula for the formal L^((it'o)-adjoint operator 

{h,p)-DM9,7^rN = 

hi, {V'vm - AgNg'^) ^-Nhij {Rid^ - ^R{g)g'^) ^9 

+ NKj (irgT,^'^ - 2^17:^^ + \ - \{tYg'Kfg'^) / ^g 

+ Np'^ {iTgirgij - 2^ij) (8) 

{h,p)-D^i{g,nYX' = 

hij (x^^Vfcvr^^' + VkX'^Tv'^ - 2VfeX(V^>) - 2p^^V(,X,). (9) 

These calculations are carefully described in ^7j- Adopting some natural short- 
hand notations, the adjoint operator can be rewritten 

{h,p)-D<!>{g,7ry{N,X) = 

h . I {V^N - AgNg - N [Ric - \R{g)g) ) *^ 

-N {Kit + ttK - ^tt -K g)* + £xvr| - p • {2KN + Cxg) (10) 

where * signifies the indexed-raised tensor, Cx is the Lie derivative in the 
direction X, {KirY^ = K^tt^^ and • is the natural contraction between 2-tensors, 
eg. TT *K = ir^^Kij. Defining 



S'^ = g-HtVgTTTr'^ - 24^^'= + '^\7rfg^^ - \{tig7rf)g^^), 
and = Rid^ — ^R{g)g^^ , we may express in matrix form as 



D'^{g,7r)ih,p) 



^{6g6g - AgtVg + S - E) -2K 



ttV + 2(5o7r 



25a 





' h ' 




. p . 



(11) 



(12) 



where 



Similarly the adjoint may be written as 

" V9(V2 _g^^^S-E) Vtt- ttV 



D^g,7rr{N,X) 
where 



-2K 





' N ' 




X 



(13) 



(V^ - 7rV)X = CxTT = Vxtt'^ - ^f^VfeX' 

and eg{X) = Cxg = 2V(jXj-) is the strain operator. Let D^{g,TrY{N, X), 
a = 1,2 denote the two components of D^* in ()13|) . 

We will also use the notation ^ = (^") = (N,X^), where ^ has a natural 
interpretation as the lapse-shift of the spatial slicing of the evolved spacetime. 
If g and {N,X^) depend on an evolution parameter t and > 0, then the 
Lorentzian metric 



-N^dt^ 



gijidx' + X'dt){dx^ + XUt) 



(14) 
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describes a spacetime satisfying some form of the Einstein equations, and = 
Nn + X'^di coincides with the time evolution vector dt- 

Greek letters a, f3, . . . will be used for spacetime indices, with range 0, . . . , 3, 
and Latin letters will indicate spatial indices (on M), with range 1, 2, 3. 

Index-free and indexed expressions will be intermixed as convenient. The letters 
c, C will be used to indicate constants which may vary from line to line, with c 
generally denoting a constant depending only on the background metric g and 
the ellipticity A, and C denoting a constant whose dependence on significant 
parameters will be explicitly indicated. 

3 The constraint manifold 

In this section we show that the constraint map 

<^:T^C* (15) 

is a smooth map between Hilbert manifolds, and that the level sets C{e,S) = 
<I>~^(e,5) are Hilbert submanifolds. In particular, the space C = $~^(0) of 
asymptotically flat vacuum initial data is a Hilbert manifold. The proof is based 
on the implicit function theorem method used in previous studies 17. 22, Jj| of 
the constraint set over a compact manifold. In fact, the main result of this 
section may be considered as the logical extension of those results to the case of 
asymptotically flat manifolds. We note in particular that the quadratic Taub 
constraints on the linearised solutions which arise in the case where the under- 
lying spacetime admits a symmetry, do not occur in the asymptotically flat case 
— as was observed by Moncrief [22] — and consequently, the cone-like singu- 
larities which occur in the space of solutions of the constraints over a compact 
manifold (at data sets generating vacuum spacetimes admitting a Killing vec- 
tor), are absent in the asymptotically flat constraint manifold. The space of 
asymptotically flat (vacuum) constraint data is a smooth Hilbert manifold, at 
all points. 

However the result shown here, that the space of solutions of the constraint 
equations forms a Hilbert manifold, does not prove that the Einstein equations 
with asymptotically flat data are linearization stable, in the sense of jl7l I22| . 
because the regularity condition (g, vr) £ is too weak to be able to apply 
known local existence and uniqueness theorems for the Einstein equations. It is 
interesting, therefore, that it has been conjectured that the minimal regularity 
conditions for the well-posedness of the Einstein equations exactly correspond 
to {g,7r) € J-^. If this conjecture is correct, then linearization stability will hold 
under the conditions considered here as well. 

Alternatively, linearization stability may be obtained by requiring higher 
differentiability in the spaces , JC and C*, and then observing that the results 
about the boundedness and smoothness of $ and the triviality of the kernel of 
D^* remain valid — the result is a phase space of initial data with sufficient 
regularity for known existence and uniqueness theorems to apply. The details 
of this extension are left to the interested reader. 
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Proposition 3.1 Suppose g G Q'^ for some A > and tt G /C. Then there is a 
constant c = c(A) such that 

11^0(5, 71") II2 -5/2 < C(l + -^|||2-l/2 + lklll,2,--3/2)' (16) 
ll^i(fi'>7r)||2_5/2 < c( ||V7r||2_5/2 + ||V5(||i^2-3/2 IK||l,2-3/2)- (17) 

Proof: Since g £ , g is Holder-continuous with Holder exponent 1/2, and 
we have the global pointwise bounds 

Xgij{x)v''v^ < gij{x)v''v^ < X~^gij{x)v'-v^ yx£M,v£M.^. (18) 

For later use we note the following consequence of the weighted Holder and 
Sobolev inequalities 0, valid for any function or tensor field u, 

ll2ii iiii2 iiii2 

IP II2-5/2 = |Pll4,-5/4 ^ c||u||4_3/2 

,3/2 II ||l/2 
l6,-3/2 ll'"ll2,-3/2 

< c||'u||?^2,-3/2- (19) 

The g,g connections are related by the difference tensor A^j = F^^- — F^^-, 
which may be defined invar iantly by 

4 = i/' {V^gJl + i/jgu - Vigij). (20) 

The scalar curvature can be expressed in terms of V and A^j by 

R{g) = g^^R^c{g)^k + g'\y^A]k-V^A',^ + A]J,A'a-AiA^) 

= g'^g'^yljOki - vlgji) + Qig-'yg) + 9"'Ric{g)jk, (21) 

where Q{g~^ ,^g) denotes a sum of terms quadratic in g~^, Vg. Using (fTH)) .(fT ^ . H21() 
we may estimate 

||i?(ff)|||_5/2 < c[ {\V'g\'+\Vg\'+\Ric{g)\'ydvo 
Jm 

< c(l+ \\V'g\\l_5/2+ llVffllt -5/4) 

< C(l+ ||V5||t2,-3/2)> 

and since 

II I |2|| ^ II ||2 

II Fl ll2,-5/2 S C ||Vr||^_2,-3/2' 

the estimate (fT^ follows and ^Q{g,Tr) £ 

The proof of the corresponding estimates for the momentum constraint is 
similar but somewhat simpler. Since 

Vj-TT^^' = VjTt'^ + 4■fc7^^■^ (22) 

we have 

CD, (5, tt) = 2gij (Vfcvr^'^ + A^tt'^') , (23) 
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and Holder's inequality, ((TH|) and (|T^ give 



^i(5,Vr)||l_5/2 < C f ||V^||^^_5/2 + ||V5||f,2,-3/2 lklll,2,- 



3/2 



Thus <I> is a quadratically bounded map between the Hilbert manifolds T = 
X /C and C* = L^_^ic^(Ty^ together with the polynomial structure of the 

constraint functionals, this enables us to show that $ is smooth, in the sense 

of infinitely many Frechet derivatives. 

Corollary 3.2 ^ : T ^ L* is a smooth map of Hilbert manifolds. 

Proof: ProDOsition l3.1l shows that vr) ||£. < c(l+ — ||7r|||-), so $ 

is locally bounded on JF. To show <1> is smooth, we note from the representations 
(dOl), (PT|) . l\'2'S\i that <I> can be expressed as the composition 

tt) = F{g, g-\ ^, 1/^, Vg, V^g, vr, Vvr), 

where F = F{ai, . . . ,0^) is a polynomial function which is quadratic in the 
parameters as and aj and linear in the remaining parameters. The map g 
{g, g^^ , ^/g,l/ is analytic on the space of positive definite matrices, and 
the maps g i-^ V^f, g i-^ V^g and vr i-^ Vvr are bounded linear, hence smooth, 
from the Hilbert manifolds and /C to £*. Results of Zorn and Hille j2m §3, 
§26] on locally bounded polynomial functionals show $ has continuous Frechet 
derivatives of all orders. ■ 

The constraint set C = <I>^^(0) C is of particular interest, since it gives 
the class of initial data for the vacuum Einstein equations. To show that C is 
a Hilbert manifold using the implicit function method, we study the kernel of 
the adjoint operator D^{g,7r)*. 

The first step establishes coercivity of D^{g,'iT)* . 

2 2 

Proposition 3.3 D^* satisfies the ellipticity estimate, for all ^ G ^-'1/2' 

11^112,2.-1/2 < C( \m{g,7r)U0h.-5/2 + \m{g,^)m\\l.2,-3/2) + C ||e||l,2,0 

(24) 

where C depends on g, A and ||(<^,vr)||jr. 

Proof: Rearranging the first component of Q gives 

V^N = Q-^tT^Qg, (25) 
Q = D^g,Tr)U0/V9 + {E-S)N -Cxtt/^, 

and thus jV^TVp < | |g|2. This leads to the estimate 

l|V'A^ll2,-5/2 < c(||Z)cDo(5,vr)l(e)||2,-5/2 

+ ll^^ll 00,0 ( ll-f'lh, -5/2 + 1 1 5' 1 1 2,-5/2 ) + II^VA^||2,_5/2 

+ ||X||oo,0 ||Vvr||2,_5/2 + l|VX||3,„i |K||6,-3/2 j • (26) 
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Using a combination of the weighted Sobolev and Holder inequahties we can 
estabhsh estimates which control the various right hand terms in H26() . For 
example, 



,0 < c||u||i4n 



< 



< 



c \\u\ 



c \\u 



11,2,0 
lA 

ll,2.0 



U 



U 



il-A 
ll,6,0' 

il-A 
l2,2.0 



1 

4' 



< e ||V^ti||2,-2 + ce ^ lkl|i,2,o, 



(27) 



for any e > 0. Similarly we find, for any 6 E 

\\u\\3,s < e ||V'u||2,<5-i + ce 



-1 



m\2,5- 



Consequently there is a constant C, depending only on A, g, e and 7r)||jr, 
such that 



|V2iV||2,_5/2 < C \mo(.9,^)m\k-5/2 + e \\V^^h,-2 + C ||e||l,2,, 



From the identity (using the metric g £ Q^) 

^i\jk = —RijklX^ + ^(i\j)k + ^(i\k)j 



(28) 



(29) 



which is valid for any sufficiently smooth Xj, we may write 



i\jk 



Hjk\i) - {NK, 



ij)\k ■ 



(30) 



where 

H,.j = Hi,{X) = -2{NK,j + X(,|,)) = D^{g,T,)l{i) 

and (A^, X*) are assumed sufficiently smooth. The various terms of (|3()j) can be 
controlled using the Sobolev, Holder and interpolation inequalities in a similar 
fashion, leading to the estimate 

||V2X||2 < c \\D<^o{9, vr);(e)||i,2,-3/2 + e \\^^ih,-2 + C ||C||i,2,o. (31) 



Since < HuUfc^p^^j if > ^2, e niay be chosen such that (|^ . (|31j) 

combine to give 

l|V'ell2,-5/2 < c(||Z)<I>o(5,Vr)Ke)||2,-5/2+ II ^<fo (S, Vr); (0 II 1,2,-3/2) + ^ IICII 1,2,0 , 

(32) 

2 2 ____ 

for smooth ^. Since is dense in W^^i^, it follows that (pi2|) holds for all 

2 2 iTTm " 

e e VF_';/2- <121 follows fr om the weighted Poincare inequality ^5, Theorem 

||^t||p,<5 < c||Vn||p^5_i < c ||V^'u||p,5_2, 
for any 5 < and u G W'^'^ . ■ 
It will be useful to restructure D^* into the operator P* defined by 
^1/4 (v^VjiV - di^jN + (5j - £:;.)iV) + g~^'^CxT^i 
- g^/^Vp{2KjN + Cxg)) 

1 " 



P*(0 



V 



DHg,7rrC, 



(33) 
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where g^^^ = {detg/ det g)^^'^ is a density of weight |, and 



p = pia) 



The -L^((it'o)-adjoint of P* is then 



g'l'^g 



1 



P = D^{g, 7:)o ^ op, (34) 

where 5gq = VP{qp), so P{fi-,qpi) = D^{fij, — V^(g'p*"')), and the composition 
PP* is weh-defined. 



Proposition 3.4 P* : w'^y^i'^) ~^ ^-5/2 bounded and satisfies 

llell2,2,-l/2<c||P*e||2,-5/2+C^llel|l,2,0, 



(35) 



where C depends on \\[g,T:)\\jr, and P* = ^) has Lipschitz dependence on 
{g, vr) G J=', 

\\(Pi9,^) - ^4*))ell2,-5/2 < Ci 11(5 - 5, vr - 7^)11^ ||ell2,2,-l/2, (36) 

where Ci depends on \\{g,ir)\\yr, ||(^, 7f)||jc-. 
Proof: That P* is bounded, 

ii^'(;,.)eii2,-3/2<c^iieii2,2,-i/2, (37) 

follows from estimates similar to but simpler than those of Prop osition 13.31 The 
elliptic estimate (|35j) follows directly from (|24|). ^) — P^-'^^p^ is controlled 
by breaking it up. Since ll^-^lloo, ||(A^,X)||oo are bounded by \\g - g\\2,2-i/2, 
11^112,2,-1/2 respectively, terms such as 



9 ^'^-9 




1/4 




" 1 " 


^1/4 _ ^1/4 _ 


o 


-6i 



D^{g,Try^ 



are controlled by C \\g — ff||2,2,-i/2 ||^||2,2,-i/2- Since V — V ~ ^{g — g), we may 
use (fT^ to estimate, for example, 

||(V - V)Z)$^ell2,-5/2 < C \\Vig - 5)||l,2,-3/2 11^^2^111,2,-3/2- 

Using D<^*2^ = -2{NKij + V(iXj)) shows 

\m{g,7T)*^ -D<^{~g, n)*ai,2,-3/2 

< C \\NiK - i^)||i,2,-3/2 + C \\V{g - 5)X||i,2,-3/2, 

which is controlled by 

||iV|U \\K - i^||i,2,-3/2 + l|ViV(i^ - i^)||2,-5/2 
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for the first, and similarly for the second term. Again using the bound 
and (fT^ controls the difference by C ||^||2,2,-5/2 as required; the terms in 
L'<I>((7, vr)^^ — Z?<1>(^, 71")^^ are controlled by very similar estimates, giving (|36|) . 
■ 

We now show that the elliptic estimate is also satisfied by weak solutions, 
which are a priori only in L^. We say that ^ G £ is a weak solution of 
D^g,7rr{0 = (/i,/2) for (/i,^) G L^^/^i^) x W^J^^iS) if 

/ ^■D^g,7r){h,p)= [ (/i,/2)-(/i,p), y{h,p)egxlC. (38) 
Jm Jm 

In this definition it suffices to test with just € C^{S x S), since this space 

is dense in ^ x fC. 

Proposition 3.5 Suppose (5, vr) G JP", (/i,/2) G L^3y2('5^) ^ ^-3%('^)' "'^'^ 
e = (iV,X*) G £ = L2^/2('^) ^« « ^eafc so/ution of D^{g,7r)*{C) = (/i,/2)- 
T/ien G W'^y^{T) is a strong solution and ^ satisfies \24\j - 

2 2 

Proof: We first show ^ G VFj^'^ , so restrict to a coordinate neighbourhood Q.. 
In local coordinates P*{i) = f \s equivalent to relations of the form 

A-d^i + B-di + ci = f, 

where A : M'^^ is invertible and determined solely by g; see (|25() . ()3U|I . 

Furthermore, A G TV^'^, i? G VF^'^, C G in 0, so this is equivalent to 

die + duib^^f^e) + c%pe = (39) 

for suitable b G W^'"^, c, f G L^. Thus ^ G satisfies the weak form of (|^ . 

for all G TVc^'^(r2). Replacing (/> by J^cj) where is a Friedrichs mollifier with 
mollification parameter e > 0, we see that = Jt(, is smooth and satisfies 

d^^, + dMbO + Je{cO = Jef. 

Following a suggestion of L. Simon, we let u = x^e where x 6 ^"^($7) is any 
cutoff function. Then taking a trace shows that u G C^(r2) satisfies an equation 
of the form 

Aon = F + dG, 

where F = Fi + F2 + F3, G = d + G2 and Fi = x''^^ + xJef, ^2 = x''/e(&0, 
F3 = Ci = x'Ce, G2 = xJeibS,)- The terms F,G are smooth with 

compact support, so u has a representation 

n(x) = r*(F + aG) = / r(x-y)(F(y) + aG(y))(iy, 

Jn 
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where T[x—y) = {4:Tr\x—y\) ^ is the fundamental solution of Laplace's equation. 
Let D = (-Ao)^/2 be the Riesz potential [HI Ch. V]. The operators Kij = dfjT 
and Ki = diVD are Calderon-Zygmund kernels in the sense of P0| Ch. II], and 
hence satisfy 

\\Kij*w\\LP(^) + * w||ip(Q) < c||u;||ip(Q). (40) 

We now use these bounds to control the various terms in F * (F + dG) and 
thereby bootstrap the estimates for u up to a VF^'^ bound which is independent 
of e. 

Since Ki^ * Fi = df^{T * Fi), ^ with p = 2 shows that 

||r*Fi||2,2 <c||Fi||2 <C( 11^112+ II/II2), 

where the norms here are over Q. In particular, F * i^^ is uniformly bounded 
in W'^''^{n), independent of e. Since G W^'^ ■ L"^ C ■ C L^/^, F2 is 
uniformly bounded in L'^/^ and thus 

l|r*F2||2,3/2<c||F2||3/2<c||6||i,2||e||2. 

Now F3 £ L^{n) only, so we instead note that diU = Ki* (Du) where D satisfies 

llDtfllp < C \\w\\q, 

for either 1 < q < n with 1/p = 1/q — 1 , or if g = 1, with any 1 < p < 
n/{n — 1) = 3/2. With q = 1 and p < 3/2 we thus have 

||5F*F3||p<c||L'*F3||p<c||F3||i, 

and the Sobolev inequality now shows that ||F * i<3||3_5 is uniformly bounded 
in terms of ||c||2 llClb, for any small 5 > 0. Now ||Gi||2 < c||^||2, so we use the 
identity F * {dkG\) = d^T * G\ and the Sobolev inequality to estimate 

||r* (aGi)||6 <c\\Kk * G% <c\\Gi\\2 <cUh. 
Likewise, since G2 G L^^'^ uniformly, we find by a similar argument that 

||r* (952)113 <c||6||l,2||el|2. 

Assembling all the pieces now shows that ^ G -^foc*^' ^'^y 6 > 0, and we 
now repeat the above arguments with this stronger bound on ^. Bootstrapping 

2 2 2 2 

in this way shows eventually that ^ G ^loc ■ Thus xrC ^ ^-'1/2 ^^^^ cutoff 
function XR ^ C^i-M), Xr{x) = xi^/R) with xr{x) = 1 on Br. Now ((211) 

2 2 9 

shows that XR^ is uniformly bounded in Wj^^^ since ^ G ^-1/2 XrC 

so ^ G M^^f/2 required. ■ 

We next show that the kernel of D^* is trivial in the space of lapse-shift pairs 
decaying at infinity. We may interpret this result as saying there are no gener- 
alised Killing vectors decaying to zero at infinity, where by generalised Killing 
vector ^ of {g, n) G we mean that C G W^iocf^) satisfies D<^>{g,TT)*(, = 0. 
Likewise, if there exists a nontrivial vector field ^ satisfying D<I>(g,7r)*^ = 
then {g, vr) is a Killing initial data set, where the terminology is motivated by 
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a result of Moncrief which shows that if {g, vr) satisfies the constraint equa- 
tions, then a generahsed Kilhng vector determines a standard Kilhng vector field 
in the spacetime generated from the initial data ((7, vr) by solving the vacuum 
Einstein equations. Of course, this requires that {g, vr) has enough regularity 
that a local existence and uniqueness theorem for the Einstein evolution can 
be applied, which is not the case at present for general ((7, vr) G J^. However, 
if local existence and uniqueness could be established for s = 2 then it would 
be possible to identify a generalised Killing vector (ie. ^ G kerZ)$*) with the 
spatial restriction of a true vacuum spacetime Killing vector. 

Theorem 3.6 Suppose C 7W is a connected domain and C ^ for some 
exterior domain Er, fix {g, it) ^ T and suppose C G L\^^{T) satisfies D<^{g, vr)*^ = 
in fi. Then ^ = in Q. 

Proof: By ProDositionlH31 ^ G W'^'y^{T) and (EOj), the equation D<^{g, vr)*^ = 
shows that ^ satisfies an equation of the form 

v^e = 6ive + 6oe, (41) 

9 12 

with coefficients 60 G L_^^2i ^1 ^ ^-'3/2 • rnust now show that a solution of 
(|41|) which decays as ^ = o(r~-^/^), must vanish. The structure of the argument 
to follow is well-known: the difficulty here lies in the absence of the continuity 
assumptions used essentially in [T^ . 

If n G TyQ'^(M"') then the Sobolev inequality is true in the sharp form 
||n||„/(„_i) < c ||-Dn||i. Such an inequality remains valid without the hypothesis 
of compact support, provided u vanishes on a sufficiently large set. 

Lemma 3.7 Suppose n > 3, Br C M", 1 < p < 00, and q < np/{n — p) if 
p < n, q < 00 if p = n, q < 00 if p > n. If u ^ W^'P{Bfi) satisfies u = in 
Br]R for some < rj < 1, then 

\\u\U-B^ < cr72(i-"/p)i?i+"/WP \\Du\\p.B^. (42) 

Proof: By rescaling we may assume R = 1. Let u{x) = u{ip{x)), where 
ip ■.M."'\{0} ^ R"'\{0} is the inversion map, V'(a^) = x/|xp. Since 1 < \d^lJ{x)\ < 
ry~^ for r] < \x\ < 1, we see that u G W^''^{W^\Bi) and tt(x) = for |x| > r]~^. 
The usual argument for the Sobolev inequality in M" applies also to W^\Bi (see 
[TSl Chapter 7]) and shows that for p < n, 

ll^llnp/(n— p) — cll-Dullp; 

it is not necessary that u be defined in Bi. Now \\u\\q < c ||tt||„p/(„_p) gives 

\\u\\q < c llDttllp; 

if p > n then this estimate follows similarly from Sobolev embedding. The 
result now follows from the bounds 1 < j(iV^(x)j < r/^^ and rescaling. ■ 
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Lemma 3.8 Suppose C and u= (n\ . . . ,m^) G VF^'^(n,R'^) satisfies 

Dlu^ = a^u^ + b^,D,u^ (43) 

w/iere a € L2(r2,M9'^^), 6 G L6(17, M27^''). Then there is a constant Ri > 0, 
depending on \\a\\2, \\b\\6, such that if R < Ri, Bji{xq) C Cl, and u = in 
Bpi^I2{xq), then u = in Bji{xq). 

Proof: Since u = in Lemma |3.7I may be applied with q = oo and 

q = 6 to give 

\\D^u\\2;Br < \\a\\2;n\\u\\cx>;BR+ \\b\\6;n\\Du\\s/2-BR 

< cR^'W\a\\2;n + R\\h\W,^)\\D^u\\2;BR. (44) 

Thus \iR<Ri = imin{l,c-2(||a||2;n + ||6||6;c)"^} then \\D'^u\\2-Br = and 
hence n = as claimed. ■ 



Proposition 3.9 Suppose {g,7r) g JT, ^ = (TV, X*) satisfies D^{g,TT)*^ = in 
a connected subset C Ai, and ^ = in some open set U C Q. Then ^ = m 

n. 

Proof: We may cover C by a finite set of coordinate neighbourhoods 
in which C""*^ |vp < gijv'^v^ < c|wp, V w = v^di, where |wp = S(u*)2. Since 
Vfj = Dfj — T^jDk, after moving some Christoffel terms into hi the equation 
(|41j) in a given coordinate chart 17' may be written symbolically as 

D^^ = a^ + bDi, (45) 

where a G ^^(Jl'), h G VF^'2(J1') c L^{Q.') and 

||a||2;n' + R \\b\W,n' <C[\\g- 5112,2-1/2 + IK||i,2 -3/2) • 

We can apply the previous lemma in each coordinate chart: in particular, if 
^ = in some open set U G ^ but ^ 7^ at some point of 0, then there is a 
coordinate chart $7' and a ball Bji^^xq) C il' such that ^ = in Br^{xo) but 
^ ^ in Br^{xq) for every i?3 > R2. But Lemma f3.8l applied to B^I2{xq + 
(i?2 — -^/2)e) for any unit vector e G and R < Ri, shows that ^ = in 
-Bi^2+-R/2(2^o)) which is a contradiction. Thus ^ vanishes in the coordinate set 
rj', and hence in all O since it is connected. ■ 

To complete the proof of Theorem HI we must show ^ vanishes near infin- 
ity. To do this we establish a weighted Poincare inequality about the point at 
infinity. 

Lemma 3.10 Suppose p,6 satisfy p > 1, \6p/n + 1| < 1 and u G wI'^{Er), 
Er C M", then there is c = c{n,p,S) such that 

\\u\\p^5;Er < c\\Du\\p^S-1;Er- (46) 
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Proof: Since C'^{Er) is dense in wl'^{Epi), it suffices to prove for 
smooth, compactly supported u. For A G K"*",/ G C^{Eji), ^/(Ax) = 
implies 



f{x) = -j^ \x\Drf{Xx)dX, 
because f{x) = for r = |x| sufficiently large. Hence 

roc /" 

\fix)\dx < \x\\Drf{Xx)\dxdX 

Er Jl JEr 

roc /" 

< / / \x\\Drf{x)\dxX~''~^dX 

< - I \x\ \Drf(x)\ dx. 

^Jer 

Now substituting f{x) = \u{x)\p\x\~^^~"' , whence 

\Drf\ <p\u\P-'^\Du\\x\-^P-'' + \5p + n\\u\P \x\-^P-'"-\ 
we find that 

-/ \x\\Drf\dx< \l + 6p/n\ [ \u\P\x\-^P-''dx 
n Jer Jer 



n 



/ p \ i-i/p / p \ i/p 

/ \u\P\x\-^'P-'^dx] / \Du\P\x\-'^^-^^'P-'^dx] . 

JEr J \JEr J 

Thus if |1 + 5p/n\ < 1, then 

J) / TL 

"''"^''''^^ - 1- \l + 6p/n\ (^"^^ 

as required. ■ 
In particular, in and in C we have the estimates 

\\Du\\2-3/2-Er < 1\\D'^u\\2-5/2;Er, 

(48) 

Il«ll2-l/2;i<;fl < 2||L>u||2_3/2;i?«, (49) 

for R > Rq, valid whenever both sides of the inequalities are finite. Using the 
weighted Holder and Sobolev inequalities we have in Eji, 

P'ell2,-5/2 < ( ll^'0||2,-5/2 llelloo + C ||6i||6,_3/2 ll^el|3,-l) • 

But from 

mh^i < m\\i,2,-i 

< R-'/'{m\\2,-3/2+ P'ell2,-5/2) 
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since ||u||p,5;£;fl < RP ^ \\'^\\p,'n\ER for r/ < 5. Thus there is i?i = H^i ||i,2,-3/2) 
such that for any R> Ri we have 

\\D^C\\2-5/2;Er < C II&0II2 -5/2 ll^l|oo,0;£;fl- (50) 

Since for any u G W'^y^^ 

lFl|oo,0;£;fl < R ' \\u\\oo-1/2;Er 

< CR'^/'^ Ikll2,2 -l/2;Sfl 

< ci?-l/2 ||I)2^||2,_5/2,i?«, 

by the Sobolev inequahty and Lemma I3.1UI it follows that 

\\D^ih,-^/2;En < CR-"^ P'ell2,-5/2;i?« (51) 

and thus ^ vanishes in E^^ for R sufficiently large. Combining this result with 
Proposition 13.91 completes the proof of Theorem 13.61 since d M \s assumed 
to be connected. ■ 



Corollary 3.11 There is a constant C2 depending on \\{g,TT)\\fr such that for 
all e G VF!f/2; 

llell2,2,-l/2 < C2 ||P*Cll2,-5/2. (52) 

Proof: This follows from a standard Morrey contradiction argument. Sup- 
pose not, so there is a sequence ^fc, k = 1,2,... such that ||^A;||2,2,-i/2 = 1j 
ll-P*Cfc||2 -5/2 < 1/^- Then P*^^ strongly in L'^r^/^- ^o'^ ^~i/2 embeds 
compactly in Wq'^, so converges strongly in W^"'^, to ^ say. Applying H35() 

2 2 

to — shows that is a Cauchy sequence in Wj^^^ and hence converges 

strongly to ^ in W'^y^. Then ||'^||2,2,-i/2 = 1 and P*^ = 0, which contradicts 
the triviality of ker P* (Theorem 13. 6() . ■ 

The Implicit Function Theorem method is used to conclude that C is a 
smooth Hilbert submanifold oi J- — in fact we show that all level sets of $ are 
smooth submanifolds. 

Theorem 3.12 For each {£,Si) £ C* , the constraint set 

C{e, Si) = {{g, 7r)GT: <!>{g, tt) = {e, S^)} (53) 

is a Hilbert submanifold of T . In particular, the space of solutions of the vacuum 
constraint equations, C = <I>~1(0) = C(0,0), is a Hilbert manifold. 

Proof: By the implicit function theorem, it suffices to show that : Q x 
fC ^ C* \s surjective and splits. Since is bounded, its kernel is closed 
and hence splits. We have shown in Proposition 13.51 and Theorem 13.61 that 
ker{i:>^>(5,7r)* : C ^ {Q x /C)*} = {0}, so the cokernel of is trivial. It 
remains to show that has closed range, which we show by a direct argument. 
Note that the argument of Fischer-Marsden ^21 based on the ellipticity of PP* 
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encounters some difficulties, arising from the low regularity of some low order 
coefficients (such as V^-Ric) of PP*, and we have not been able to overcome 
these problems. This difficulty appears to restrict the Fischer-Marsden elliptic 
method to neighbourhoods of data {g, vr) which are 2 derivatives smoother, ie. 
H'^ X H^. 

Instead we consider particular variations {h,p) of ((7, vr) determined from 
fields {y,Y'), of the form (cf. [E]) 

hij = 2ygij, p'^ = {V'Y^ + V^Y' - VkY^g'^)^ 

and define 

F{y,Y) = D^{h,p) 

-4^Ay + $o(5,vr)y + trg7rVfcy'^-4^.Vy 1 
2^{m + RicijYi) + 2^i{g, 7r)y + (47r^ - 2trg7r5^)V,y \ ' ^ ^ 

We see that if y E W'^'f^^iM), Y G W'^'f^^{TM) then {h,p) e G x IC, and it is 
straightforward to check that 

F : Ty!f/2(-^) X V2(™) ^ 5/2C^* ® A') = ^* (55) 
is bounded. Moreover, the general scale-broken elliptic estimate j3] 

Ikll2,2 -1/2 < C II An||2 _5/2 + C ||n||2,0 

shows that 

ll(y,mi2,2,-i/2 < c||F(y,y)||2,_5/2 + c||(y,y)||2,o 

ll%ll2,-5/2+ IKV(y,y)||2,_5/2+ P^c(y)||2,_5/2, 

and the last terms are estimated by Holder, Sobolev and interpolation inequal- 
ities, eg: 

lk'^'"ll2,-5/2 ^ c||Vm||3_i ||7r||6_3/2 

< c||7r||i_2,-3/2 l|Vn||3_i 

< e 11^112,2,-1/2 + C* ll'"l|2,0, 

where C depends on e, A and ||(g,7r)||jr as usual. Thus F satisfies the scale- 
broken estimate 

ll(y,mi2,2,-i/2<c||F(2/,y)||2,-5/2 + c||(y,mi2,o. (56) 

Now the adjoint F* has a similar structure and the same argument shows F* 
also satisfies an estimate ()56() . It follows that F has closed range (from ()56() ^ 
with finite dimensional cokernel (since F* has finite dimensional kernel by the 
elliptic estimate for F*). Since clearly ranF C ranZ)$, we have shown that 
has closed range and the proof of Theorem 13. 121 is complete. ■ 
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4 ADM energy- momentum 



The ADM total energy-momentum ¥{g,TT) = (Pq) = {E,pi) is usually defined 
by the formal expressions 

IGttE = i {d^g^j - djg^i) dS^ (57) 

IQirpi = 2 J) TTij dS^ (58) 

where dS^ is the normal element of the sphere at infinity ^oo, the indices refer 
to a suitable rectangular coordinate system near infinity, and the integral over 
Soo is understood as a limit of integrals over finite coordinate spheres. The 
expression for the total energy E was investigated in ^ and shown to be well- 
defined (that is, independent of the limiting process used to define 5oo and of 
the choice of structure at infinity) , for metrics satisfying g — g^ ^-1/2 some 
q > 3, and R{g) £ L^. In this section we reformulate ((S7|) . H58() and show that 
the redefined P is well-defined under weaker regularity conditions, which are 
better adapted to the Hilbert manifold structure of C. It is not immediately 
clear the formal definitions ()57() . H58() can be made sensible under the weaker 
conditions; that this can be done, with result agreeing with the definitions 
1)6 7|) below, is shown in Proposition 14.51 We also show that P is independent of 
the choice of structure of infinity, thereby extending the mass uniqueness result 
of 0. 

The first result implies in particular that P (after suitable reformulation) 
defines a bounded function from the (vacuum) constraint manifold C to M^, 
which is smooth with respect to the Hilbert manifold structure of C. However, 
it turns out that the definition of P cannot be extended to all {g, vr) G as a 
bounded (well-defined) function. This restriction is not an artifact of the rather 
weak regularity conditions of J-"; rather it reflects the need for additional decay 
conditions in defining P. In the usual physics framework, where {g, it) satisfy 
the decay conditions (with r = |x|), 

\9ij - + r \digjk\ + \didjgki\ = 0{l/r), (59) 
\Kij\+r\diKjk\ = 0{l/r^), (60) 

the nature of the additional decay conditions is usually expressed by the re- 
quirements jSSl 

R{g) = 0(r-4), diKij - d.K^ = 0{r-^). (61) 

These may be reformulated more invariantly (and more generally) as 

Rig) e L\M), VjTT'^ £ L\TM), (62) 

and we emphasise that these conditions are not satisfied by general {g, vr) G J-'. 
Indeed, they are equivalent to requiring ^{g,TT) E L^(T*), and exactly this 
condition turns out to be sufficient for ¥{g, it) to be well-defined. 
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In order to define P in all of T ^ we first need a suitable definition of trans- 
lation vector at infinity. Fix a 4-vector ^oo = (CSd) = (■^Sc'^oo) ^ (where the 
indices take the ranges a = 0, 1, . . . , 3, i = 1, . . . , 3); using the metric °g near 
infinity, which we consider as defining a connection on the spacetime tangent 
bundle T which is flat near infinity, we may identify with a parallel vector 
field .^oo defined in an exterior region E'jj^ for some Ri > Rq- We say that a 
vector field S^^o S C°°{T) is a constant translation near infinity representing 
Coo G MMf Coo = I oo in E2R1 and — in \ Eri ■ Obviously ^oo is uot 
uniquely determined by its constant value ^ooi however two representatives of 
Coo differ only by a smooth, compactly supported, vector field. 

A vector field C = (C^) is then said to be an asymptotic translation if there 
is Coo G with a corresponding constant translation vector at infinity Coo; 
such that C — Coo G -^-1/2 ('^) ~ ^ot^ that if ^^^^^^"^^ are two asymptotic 
translations (representing the same translation vector Coo); then C*-^^ — ^C^) g C; 
hence we may define the class 

Coo + = {C : e - Coo G C}, (63) 

of asymptotic translation vector fields representing Coo- By replacing C with 
^^f/2C^)' ^ > 1) we may similarly define classes of asymptotically constant 
vectors with better regularity properties. 

Rather than work with the asymptotic boundary integrals H57|) . H58|) . it is 
more convenient (although logically equivalent, as we shall show) to work with 
spatial integrals of exact divergences. Therefore we introduce the density-valued 
linear operators TZo{g),Voi'^) by 

Tloig) = (v'^gij-AMgg^V§, (64) 

Voi{7r) = gijVk^^K (65) 

The ADM (total) energy-momentum vector P(g,7r) = {E,p) is then defined 
by describing the pairing with a vector at infinity Coo G M."^'^; let Coo be a 
corresponding representative translation vector field at infinity, then we define 
C^P«(5,7r) by 

167rC^Po(5,vr) = ^ (cl7^o(5) + V^l (v^5i, - V^tr^^) V^, ) (66) 

167rCLPi(ff,vr) = 2^(clPoi(^)+^*^ViCooi), (67) 

where indices are raised and lowered using the background metric g. The phys- 
ical interpretation of C"Pa is as the energy of {Ai,g,Tr) as observed by the 
asymptotic time vector Coo and is the total energy-momentum covector of 
{Ai,g,7r). Since TZo{g),T'o{'^), Vg,"^ are all tensor densities, the volume ele- 
ments in (|66 |) . (167)1 are present implicitly, and it is readily seen that the right 
hand sides depend only on Coo and not on the specific choice of representative 
asymptotic translation vector Cooj since a change of Coo changes the integrands 
only by an exact divergence of compact support. 
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Theorem 4.1 If{e,S) G L^{T*), thenV defined by defines a smooth 

function on the Hilhert manifold C{£,S), 

Pe C7°°(C(e,S),M3,i). 

Proof: We begin by proving an analogue of the bounds (|17|). 

Proposition 4.2 Suppose g £ for some A > and vr G /C. There is a 
constant c = c(A) such that 

||«>0(5,vr) -7^o(5r)||il(_v^) < C (1 + ||Vfif|||_3/2 + ||vr|||_3/2 

+ 115 -5112,-1/2 llV^s-lb -5/2), (68) 

W'^iia,'^) -UMh^iM) < C (||fif-5r||2_i/2 ||V7r||2_5/2 

+ IIV5II2, -3/2 IKIl2,-3/2 

(69) 

Proof: From (|21() we may express the scalar curvature in terms of TZo{g) by 

Rig) = no{g)/y^ + Q{g~\Vg)+g^''Ricig)jk 

+ {{9'' - g'") g'' + g'^ {g'' - g'')) {^^gki - ^Igj) , (70) 

The individual terms may be easily estimated as before, giving 

\\R{gWg - ^0(5) \\l\M) < C(A) (1 + \\g - <?||2,-l/2 \\<7^g\\2,-5/2 + II V5|l2,_3/2) > 

(71) 

from which (|68() follows, since 

II IMlh^iM) < c(A) ||vr||^_3/2. 
From H23|) it follows that 

Mg, ^) - ^oi(^) = (gij - kj) v^vr-''^ + 

which can be bounded easily, 

||^>i(5,7r) -7'oi(vr)||ii(A^) 
< c ( llf - 9II2 -1/2 l|Vvr||2 _5/2 + IIV5II2 _3/2 ||vr||2 -3/2) , (72) 

as required. ■ 

Since P((j(,7r) depends linearly on (5',vr), to complete the proof of Theorem 
14. II it will suffice to show that P is bounded on C(e, S). From (|68j) we see that 

\\no{g)\\L^ < ||$o(5,^) - ^0(5) IIli+ 11^0(5, ^)IIli 

< c(g)(l+ IIV5III -3/2 + lkll2,-3/2 

+ lb -5II2-I/2 l|V^5ll2-5/2) + IkllLl, 
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and hence TZoio) is integrable. Since V^oo has compact support, it follows that 
the integrand of is integrable and Po(9i ^) is finite on C(e, S). Similarly we 
estimate using (|69|) . assuming |^^| < 1 for simplicity, 

Ulon^{^)\\L^ < uio{M9,^)-ni{gmL^+uioM9,^)\\L^ 

< c(^\\g- 5II2 -1/2 l|Vvr||2 _5/2 + ||V5r||2 _3/2 lk||2 -3/2) 

+ II^IIli, 

whereupon the integrand of ()67|) is integrable and thus Pj(5,7r) is finite. ■ 

We now show that the definitions (|66j) . (|67|) adopted for P agree with the 
formal definitions (|57() . (|58|1 . when suitably interpreted, under the general con- 
ditions of the mass existence Theorem 14.11 and that the value of f{g, vr) does 
not depend on the choice of structure of infinity <j) and its associated background 
metric g = 4'*{5) cf. ^ Theorem 4.2]. 

The following two elementary lemmas will take care of the major technical 
details of the proof, and will be useful elsewhere. The first lemma reviews the 
validity of integration by parts, and is valid under considerably more general 
circumstances than required here. 

Lemma 4.3 Suppose M = IJfc>i -^k is an exhaustion of a non-compact, n- 
dimensional manifold M by compact subsets with smooth boundaries dM^, and 
suppose p e w/;f(A"-ir*7W) satisfies dp e L^{A''T*M). Then 



(n) 



j3 exists for k > 1; 

dMk 



13 := lim (p (3 exists. 



Proof: Since dMk is smooth, the trace theorem |29| 13 Ij shows that (3 G 
W'^/'^''^{dMk) C L'^{dMk) C L^{dMk)-, where the fractional Sobolev space 
is defined using the Fourier transform in the usual manner. This shows that 
the finite boundary integrals are well-defined. The definition of weak derivative 
allows us to apply Stokes' theorem to dfi over any compact region; in particular, 
for \ < q <p we have 



(3- i> 13= dp. 

dMp JdMq JMp\Mq 

Since dp £ L^{A'^T*Ai), the right-hand side is o(l) as q = min(p, g) oo and 
hence {^qj^^^ (^}T=i ^ Cauchy sequence and convergent as claimed. ■ 

Likewise, the second lemma is valid with more general values for the indices, 
but this will not be needed here. 
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Lemma 4.4 Suppose C M^, ^ 1 o.'f^d u £ Wj^^^i^Ro)- Then u £ 
L^(5/j) for every R > Rq, and there is a constant c, independent of R, such 
that 

<f \u\dS <cR^/^\\u\U^2,~3/2;An, (73) 

Jsr 

(where the notation indicates the norm over the annulur domain Ar); hence 

\\u\\i.Sr= oiR^/"^) asR^oo. (74) 
Proof: As in we define uji{x) = u{Rx), and recall the uniform comparison 

\\'>J'R\\k,p;Ai ~ R^ \\u\\k,p,5;AR, for any R> Rq. 
Since ur S W^''^{Ai), the trace theorem again implies ur S VF-^/^'^(5i), and 

ll'^ij||l/2,2;5i ^ lki?l|l,2;yli- (75) 

It readily follows that 

lki?J|l;5i < c||^^rI|4;5i < C H^^R || 1/2,2;5i < II^rI|i,2;Ai 

and thus 

IImIIi;^^ < CR^ \\ur\\i,2;Ai < cR^^"^ 1^11 1,2 -3/2;Ah • 

In fact, using the Sobolev inequality in W^^'^''^{Si) gives 

\\u\U-Sr < CR'^ Ik||l,2 -3/2;ylH; 

a stronger inequality which we will not need here. The conclusion ()74|) follows 
as in 0, since u € W^'^{Erq) implies both ||u||A:,p,5;yijj = o(l) and ||ti||A:,p;Aii ~ 
o{R^) as R^ oo. m 

It follows easily that the formal asymptotic definition of {E,p) agrees with 
the integral definition of P. This generalises and extends Proposition 4.1 of 

Proposition 4.5 Suppose {g,TT) G ^^^{L^{T* A^)). Then {E,p) from |5?| ), 
i5^) are defined, in the sense of Lemma \4-'J[ and satisfy {E,p) = ¥. 

Proof: After noting that the integrals of (|66|1. (|67j) may be written as exact 
divergences, respectively of 



2V. (iigjk-^'A , (76) 



which both satisfy the integrability condition of Lemma [4. 31 by Proposition 14.21 
and the hypothesis ^{g,7r) E L^{T* A'^), we see that {E,p) is well-defined. 
The equality of the two definitions is now a tautology. ■ 

Corollary 4.6 The definition i66]) . | |6'7| ) of £,^¥a{g,7r) remains valid (and un- 
changed) if the constant translation at infinity is replaced by any asymptotic 
translation ^ G ^oo + ^-'1/2 C^) ■ 
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Proof: The difference between the two definitions of P (using (,oo,^ respec- 
tively) is a sum of divergences of the form (f7B|) , with ^oo replaced by ^ — ^oo £ 
^^'1/2 C^) • '^^^ weighted Sobolev inequality implies C ~ ^00 is Holder continu- 
ous and decays as o(i?~^/^), so by Lemma 14.41 the boundary integral of H76|) is 
defined and decays as o{R^^^'^)o{R^^'^) = o(l). ■ 

The proof that the value of P is independent of the choice of structure of 
infinity (j) follows Theorem 4.2]. 

Theorem 4.7 Suppose <j) : M\Mq M^, ip : M\Mi M'^ are two structures 
of infinity such that {g,TT) £ ^{<P) H J-'{ip), where the notation indicates the 
phase space (and weighted Sobolev spaces) defined with respect to the indicated 
structure of infinity. Then J-{4>) = the underlying Hilbert Sobolev spaces 

have comparable norms, and ¥(g,ir ■,(!)) =¥{g,7r;'ip). 

This justifies the notation used elsewhere in this paper, where we do not 
indicate the choice of structure of infinity. 

Proof: If g £ then by the Sobolev inequality, (t>^,g — 5 G W^'^{Eji), and 
(/),'(/' satisfy the conditions of Section 3]. Hence the transition function ip o 
(f)~^ : Eji^ for some i?2 ^ Ij after possibly moving ^ by a rigid motion 

of M'^, satisfies ip o — Id E W'^j2i^R2)- ^ trivial modification shows tp o 
— Id £ VF-|y2 (-EiJa ) ) whereupon the background metrics satisfy (f)*5 — 'p*5 G 

W_^y^{S{Mor\Mi)) and it follows that the spaces ,K, are in fact independent 
of the choice of structure of infinity (j). 

To show invariance of the ADM energy-momentum, let ^ be a background 
metric for ip, so g = 'ijj*5 in A^\A^i, and let y{x) = ip o (l)~^{x), x G Er^ be the 
coordinate transition function. Let V and P, respectively, be the connection 
and total ADM energy-momentum operators of g. By Corollary 14.61 and the 
uniqueness of W'^^^^, we may use the same vector field ^ G ^00 + W'^y^{T) to 

define both P, P. 

The divergence expression (|76j) for the integrand for ^^Po may be written 
in arbitrary coordinates in the form 

dp (eg'^^"" {Vkgij - Vi5,fc) V^) + 2di (e'sifcvr-^) , 

with a similar expression being valid for ^^P^. Since 

where Af- = Tf- — Ff-, after a certain amount of calculation we find that the 

V ''J 

difference between the energy-momentum integrands may be written in the form 

d[({g- g){TT + Vg) + ^{g - g)Vg) 

+ 9j (V^tr^5 - g^'^'hi) V^) • 

The precise form of the first term is of no account, since by the argument of 
Corollary 14.61 and the decay conditions on g,g,£,, the first term integrates to 
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zero. Integrating, we arrive at the relation 

e^aig, vr) - ef^, vr) = rPa(5, 0), (77) 

and it remains to show that (g, 0) has vanishing energy-momentum (notice that 
the fact g = 'tp*{S) has not yet been used, so (f77j) is vahd more generally). 

Working in the g rectangular coordinates x^, in which gij = Sij, the metric g 
is given in terms of the transition functions y{x) by cnj = diy^djy^, where di = 
d/dx^. Since g is explicitly flat in the coordinates x*, ^"Pq,(^,0) = ^^FQ{g,0) is 
the integral of the M^-divergence of 

e{^^g^J - djgu) = eidlyd^yP - d^y^dly^). 

After a rotation, we may assume dy^ jdx^ — 5f G exterior region, 

and therefore by the argument of Cor ollarv 14 . 61 again . the above expression may 
be reduced to 

dly'-d%y\ 

Expressing this explicitly 2-form gives 

{pl^^ - 3%,^) *dx^ = di{diy^ -djy')*dx^ 
= -d {eijkdiy^ dx^^ , 

which is a closed 2-form and therefore does not contribute to any boundary 
integral. It follows that F{g, 0) = 0. ■ 



5 Hamiltonians 

The formal variational structure of the Einstein equations is well-known and 
due originally to Hilbert and Einstein |16M19| : the Euler-Lagrange equations of 
the Lagrangian functional 

Ceh{9^^^):= [ R{g^^^)J^)d^x, (78) 
Jv 

are obtained in the usual manner, by making a compactly supported variation 
of the spacetime metric g^'^^ and once integrating by parts, and are just the 
(vacuum) Einstein equations. In this respect the Einstein equations are simi- 
lar to the equations of motion of most other Lagrangian field theories, such as 
the classical wave equation. However, it differs in that although the resulting 
equations are second order in the metric, the Lagrangian contains explicit sec- 
ond derivatives. As is well known, the Gauss-Bonnet formula shows that the 
Einstein-Hilbert integrand can be written in a local coordinate system in the 
form 

R{9^'^)49^^ d'x = d{A,{g(^\dg^'y)) + A2{g^'\dg^% 

where Ai is linear and A2 is quadratic in dg^^\ and thus the Euler-Lagrange 
equations are determined by A2 since compactly supported variations of the 
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divergence terms dAi will not contribute to the equations. However, A2 is 
neither unique nor a geometrically invariant quantity and we therefore have 
the curious situation of a non-unique, non-geometric (coordinate dependent), 
integrand giving rise to a geometric (tensorial) Euler-Lagrange equation. 

The Hamiltonian interpretation of the Einstein-Hilbert Lagrangian was pro- 
vided by Arnowitt, Deser and Misner [T, who decomposed Ceh by imposing a 
3 -|- 1 splitting of the spacetime V and after an integration by parts in the time 
direction and dropping the resulting boundary integral, arrived at the ADM 
form of the Lagrangian 

JZeh^ [ {7r-dtg-e^a{g,7r)) (79) 
Jv 

where ^ = (A^, A*) is the (unspecified) lapse and shift of the 3-1-1 decomposition. 
This decomposition, incidentally, is the origin of the form © for the conjugate 
momentum vr. Now introducing the ADM Hamiltonian, 

WADM(5,vr;0 = - / r^a(5,vr), (80) 
Jm 

the Einstein-Hilbert variational computation, with compactly supported varia- 
tions, may be re-expressed as Hamilton's equations of motion for TCadm, 

where J = ^ ) ' "^"^ ~^ "^"^ implied symplectic form, J ^ h ^ ~ 

^ ^ , in the (5',vr) coordinates on T PTl ITT] . 

We note parenthetically that this 3-1-1 reduction involves two geometric 
(gauge) choices; that of a timeflow vector field (reducing to ^ on the hypersur- 
face) and a choice of spacelike hypersurface. Rather remarkably, it turns out 
that the spacelike integrand may be considered as the restriction to the hyper- 
surface of a 3-form defined globally on the spacetime, and depending only on 
the spacetime metric and the choice of timeflow vector field — see |25j for the 
computations involved. 

In this section we are instead concerned with formulating the above equa- 
tions in the context of the phase space J^. The aim is to construct Hamiltonian 
functionals which, together with apropriately chosen decay and boundary con- 
ditions for the lapse-shift ^, lead to the evolution equations (|8T|) . The existence 
and uniqueness for the Einstein evolution equations is a separate and rather dif- 
ficult question in analysis which will not be considered here — in particular, it 
does not seem possible to deduce this on general grounds from the Hamiltonian 
structure on the phase space. 

Since one of the primary difficulties is the control of boundary terms, we 
record the complete form of the boundary terms arising from the integration 
by parts relating the variational derivative D^{g,TT) to the adjoint operator 
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D^(g,Tr)* . This follows directly from the expressions (|S tilU() . 



+ Vi {2Cjf' + 2eTT'''hjk - e^'''hjk} (82) 
In the following we assume that dAi is empty. 

Theorem 5.1 The ADM Hamiltonian h8U\) with lapse-shift ^ G £ defines a 
smooth map of Hilbert manifolds 

Hadm -.T^C^^. 

Ifi G W^_:l^{T), then for all {h,p) G T^g^^^J", 

D^g^^)nADM{9,^;0{h,p) = - I {h,p)-D^g,7TnO- (83) 

Jm 

Proof: Holder's inequality and the decay condition ^ G £ = L'^-^^^{T) shows 
that TLadm is defined and bounded on x £, hence the linearity in ^ implies 
smoothness with respect to ^. Likewise, smoothness with respect to [g, vr) 
follows from the smoothness of the map (5,vr) i— > $(17, vr). 

To show (|83j) we must control the boundary terms in (|82|) . For this we use 
the trace theorem, in the form of Lemma 14.41 The individual components of 
the boundary term 

= e i^'hj - Vitigh) ^ - (/li, v^e° - tvghViC'') Va. 

+ ijp'^ + - If vr^'/iifc (84) 

have well-defined traces on the spheres Sr (and on any other smooth hyper- 
surface in A^), thus integration of the adjoint operator formula H82j) yields the 
expected boundary integrals. We may now estimate the boundary contribution 
over Sr in the limit as — > 00, 

/ \B\dS < ||e||oo;5,(l|V/l||i;5«+ Wphsn) 

Jsr 

+ ||/i||oo;5«.(||Ve||l;5« + ||e||oo;5H ||vr||l;5H) 
< 0(1) ( ||V/l||i^2,-3/2;Afl + l|VC||i,2-3/2;Afl 
+ lklll,2 -3/2;Ah + l|p||l,2 -3/2;ylfl) > 

which shows the boundary integral is o(l) as i? ^ 00. Integrating ()82() over 
Mr := {x G : o"(x) < R} and letting i? — > 00 establishes and com- 
pletes the proof of Theorem 15.11 Note that the use of the spherical exhaus- 
tion A4r,R > Rq, is merely a convenience; since the integrands ^D^{h,p), 
{h,p) ■ are integrable, the improper integrals in (|83j) are independent of 

the choice of exhaustion used to define them, and the boundary integrals eval- 
uated with any other smooth exhaustion of M will also vanish in the limit. 
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We emphasise that an identity of the form (|83|) is necessary if the Hamil- 
tonian is to generate the correct equations of motion. The restriction above 
to lapse-shift ^ decaying at infinity is essential, both in defining TLadm (since 
$(5, vr) is not integrable for generic (5,7r) G J-) and in ensuring that asymp- 
totic boundary terms are absent in (|83|) . However, we would like to be able to 
choose ^ asymptotic to a translation at infinity in the evolution equations and 
retain the validity of (|83|) : this necessitates a modification of the Hamiltonian 
functional TLadm-, as suggested in j^. 

The underlying principle here is that adding a divergence to the Hamiltonian 
(or the Einstein-Hilbert Lagrangian) will not change the formal equations of 
motion, but such a term will affect the phase space (domain of definition) of 
the Hamiltonian and the resulting equations of motion. In particular, to extend 
the definition of the ADM Hamiltonian to permit lapse-shift asymptotic to a 
(non-zero) translation at infinity, we should add a divergence which cancels the 
dominant contribution from the asymptotic translation — from ()66() . (|67|) we 
recognise that the ADM energy ^^Pq is an appropriate choice. Thus we arrive 
at the Regge-Teitelboim Hamiltonian j^H] 



where ^ G ^00 + C,- This expression is well-defined on C, where it has the value 
^^Pa((7, vr), and more generally on $~-^(L-^(T*)), but for general (5, vr) E the 
individual terms are not defined, and thus (|85|) does not provide a definition 
valid on all We circumvent this problem by inserting the definition of P and 
rearranging terms — thus for general ((7, vr) G and ^ G ^00 + we define the 
regularised Hamiltonian TC{g, Tr,S^) by 



where £ (,oo + ^ and ^00 is constant at infinity with value ^00 • For ((?,vr) G 
<I>~^(L^(T*)) this agrees with ()85() . As in Sectional the sum of the integrals 
in ()86() is independent of the particular choice of constant at infinity vector 
field ^00 representing the translation ^001 although the pointwise values of the 
integrands are not invariant. We emphasise that for generic {g, tt) € J^, Ti. does 
not have a simple geometric interpretation such as (jSSl). Nevertheless, it does 
have some useful properties. 

Theorem 5.2 The functional 7i{g,7r;^) defined by iSfi]) is bounded on T x 
(M'^'-'^ -|- C) and smooth with respect to the Hilbert structure on this space. If 
i G .^00 + W^^'i/2('^) then for all {g, tt) G and {h,p) G T(^g^^-^T we have 




(85) 



W(5,vr;0 




(86) 




(87) 
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Proof: As before, for smoothness it suffices to show that Ti is bounded on 
jTx (M^'^ + £). Since ||^ — Coo||2,-i/2 < C' for ^ G ^oo + >C, the first two integrals 
of (|86|) may be estimated by 



< U - I00II2-I/2 11^(5, 7r)||2 -5/2, 



which is bounded, by Theorem 13 .11 The fourth and sixth integrals are bounded 
because V^^oo has compact support, and the third and fifth integrals are bounded, 
since Proposition 14.21 shows that TZoio) — ^oid,'^) and Voi{'^) — ^iid,'^) are 
both integrable {L^{Ai)). Hence Ti. is bounded and therefore smooth, by the 
same arguments as used in Proposition 13.11 To show (|57j) we must sepa- 
rately consider the variational derivatives of the individual terms of (|86j) . Since 
? - Coo e W_'y^{T), Theorem O may be applied to the variation of the first 
two integrals, which may then be rewritten as 

/ {h,p)-D^g,7rr{i^-0. (88) 
Jm 

The variational derivative of the third and fourth terms of H86() may be rear- 
ranged using (jnH), ©, (|5^ to give 

{V' (el (v^/i., - V^t^h)) |^Z?a>o(5,vr)(/.,p)} 

= {V* (e"^ (V^hi, - Vitr^/i)) - V* (1^ {V^hij - Vitigh)) ^ 

+V' (V^ilh,, - VdLtTgh) ^ - {h,p) ■ DM9, TrTiil)} . 

The dominant terms of the first two divergences in this expression cancel, and 
the remaining parts of the boundary term may therefore be written symbolically 
as ^00(5 — 5)(V/i + /iVg). Now l^ool = 0(1) and g — g = o(ii~^/^), and Lemma 
14.41 serves to show that the remaining terms have well-defined traces, hence the 
boundary integral is o(l) as i? — > 00. Consequently the variation of the third 
and fourth terms of ()86() is just 



{h,p).D<^o{g,7rnec.)- 

M 

The argument controlling the variational derivative of the final two terms of 
H86|) is very similar, and results in the expression 



{h,p)-D1>i{g,7rr{C^j, 

M 

from which the final identity (|87|) follows. 
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6 Critical points of the ADM mass 



The results of the previous section, particular Theorem 15.21 have an elegant 
interpretation in terms of critical points of the ADM mass. The fundamental 
observation is that stationary metrics are critical points of the ADM energy 
functional on the constraint manifold; and an argument implying the converse 
was suggested in jTU]. In this section we show that the phase space T and the 
regularised Hamiltonian functional W allow a rigorous presentation of the previ- 
ously heuristic arguments relating stationary metrics and criticality properties 
of the ADM mass. The main result establishes the equivalence between critical 
points of the total energy and generalised Killing vectors. 

Theorem 6.1 Suppose {g,Tr) E satisfies $(g,7r) = ie,Si) £ L^{T* O A^), 
let ,^oo G IK^'^ be a fixed future timelike vector and define the energy functional 
E eC°-{C{e,Si)) by 

Eig,7r)=C^¥^{g,7r), V (5, ^) G C(e, 5,). (89) 

Then the following two statements are equivalent: 

(i) For all {h,p) G T(^g^T^^C{e, Si) we have 

DE{g,TT)ih,p)=0; 

(a) There is ^ G ,^00 + W'^y^{T) satisfying 

Z)cD(5,^)*e = 0. 

If the energy-momentum covector P is timelike or null then the ADM (total) 
mass can be defined, 

rUADM = \/-IP"Pa, 

and in many applications, such as the quasi-local mass definition of [H], it is 
more natural to use thadm rather than the energy E{g, vr) with respect to the 
direction ^^o- The following corollary shows how Theorem 16.11 can be used to 
relate critical points of ttiadm to stationary metrics. The hypothesis that P be 
timelike follows from the extension in [7] of the spinorial proof [21] of the Positive 
Mass Theorem j23|2HllS2j to the decay and regularity condition {g, tt) G C(e, Si), 
assuming that the local energy-momentum density (e, Si) satisfies the Dominant 
Energy Condition 

+ CSi > 0, for all future timelike vector fields ^ G C^{T). 

Similarly, it is well-known that if ^ is a Killing vector, timelike near infinity, 
then P° and are proportional 

Corollary 6.2 Suppose {g,TT) G T, <^>{g,7r) = {e,Si) G L^{T*) andF = F{g,7r) 
is a future timelike vector. If DmADMig,'^){h,p) = for all {h,p) G TC{£,Si), 
then {g, tt) is a generalised stationary initial data set, with generalised Killing 
vector ^ such that is proportional to = r]°'^¥f^{g,7r). Conversely, if 
{g, vr) is a generalised stationary initial data set, with generalised Killing vector 
such that is proportional to P°, then DmADM{g,'^)ih,p) = for all 
{h,p)eTC{e,Si). 
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Proof: If Pq, is a timelike vector, then we may choose ^ti-adM'^oo — ~'n'^^^f3: 
thereby normahsing to be a future unit timehke vector. Defining E = .^^Pa, 
we have DruADM = C^DP^ = DE, and mA£,M is critical on C{e,Si) exactly 
when E is critical also. Thus if (5, vr) is a critical point for tuadm on C{s,Si) 
then Theorem 16.11 shows that {g, it) admits a generalised Killing vector ^ G 
Coo + "^ith Coo proportional to (P"). 

Conversely, if {g, it) admits a generalised Killing vector C with Coo propor- 
tional to (P"), then defining E{g\iT') = C^PQ(5f', vr') with C normalised so 
Coo is a unit timelike vector, it follows that DE{g,TT) = on C(e,5j); since 
DruADM = DE, we then have DmADAiig, vr) = on C(e, Si). ■ 

The proof of Theorem l6.1l is based on a generalisation of the classical method 
of Lagrange multipliers to Banach spaces, which we now recall. I am indebted 
to John Hutchinson for the following elegant proof. 

Theorem 6.3 Suppose K : Bi ^ B2 is a map between Banach spaces, such 
that DK{u) : Bi ^ B2 is surjective and splits (ie. DK{u) has closed kernel, 
with closed complementary subspace), for every u G K~^{0), and suppose f G 
C^{Bi). Let u G K^^{0) be given, then the following are equivalent: 

(i) For all v G kerDK(u) we have 

Df{u)v = 0; 

(a) There is X €z B2 such that for all v €z Bi, 

Df{u)v = {\,DK{u)v), 
where { , ) denotes the dual pairing; 

(Hi) Defining F : Bi x B^ ^ R, F{u,X) = f{u) - {X,K{u)), there is X e B^ 
such that DF(u, X){v, fi) = 0, for all v €z Bi, ^ €z B2. 

We can paraphrase (i) by saying that "n is a critical point of / on A'~^(0)". 
The conditions on DK ensure that K~^(0) is a Banach submanifold of Bi, by 
the Implicit Function Theorem, and thus Tu{K~^{0)) = kei DK{u). Clearly, A 
is the infinite dimensional Lagrange multiplier. 

Proof: The equivalence of (ii) and (Hi) is obvious, as is the implication (ii) ^ 
(i). If li is a critical point of / on K~^{0) then ker DK{u) C ker Df{u) C Bi, 
with both subspaces closed and having closed complements. It follows that 
there is a natural projection 

vr : Bi/kerDK{u) Bi/kerDf{u) 

which is a bounded map of Banach (quotient) spaces. Since Df{u) G B^, we 
have a homomorphism ji : Bi/ ker Df{u) — > M. Since DK{u) is surjective and 
splits, it factors as DK[u) = j2 o 1:2, where it2 : Bi ^ Bi/ kei DK{u) and 
J2 : ker DK{u) — > B2 is an isomorphism. Then A = ji o vr o j^^ : i?2 — > K is 
a bounded linear map, ie. A G i?2' ^"^^ ^ ° DK{u) = ji o vr o -7r2 = Df{u), which 
gives {ii). ■ 
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To show (a) ^ (i) in Theorem H6.1|) . notice that for (5, vr) G C(e,S'), we 
have n{g, vr; = E{g, vr) - /^(C^e + CSi) and thus 

^(3,^)^(9,^; 6(^,1') = DE{g,TT){h,p), y{h,p) G r(3,,)C(e,S). 

But (ii) and Theorem 15.21 together imply that 

%,.)W(9,vr;e)(/i,p) = V(/i,p) e ^ x /C, 

and (i) follows. To show the converse (z) =^ (ii), choose any ^ G ?oo + ('^) 
and consider the functional 

H{g',7r') ■.= n{g', 7r';0, {g,7T) e J^. 

From (i) it follows that (g, tt) is a critical point for both IJ and E — Coo-^cv 
the submanifold C{e,S). We may apply Theorem 16.31 with Bi = G x IC D J^, 
B2 = C\K = (e, S) and f = H] since (i) holds, there is X e C = L\j^{T) 
such that 

DH{g,7T){h,p)= [ X''D^a{g,TT){h,p) (90) 

for all {h,p) £ QxK, = T(g^^).F. Defining^ = G Coo+-^?_i/2('^) and inserting 
the definition of H into H90|) shows that D(^g .,^)TC(g, tt; ^) = 0; Theorem 15.21 then 
implies D<I>(g', vr)*^ = (weakly) and thus (by Proposition I3.5jl it follows that 
C £ ^00 + W^y^C^) is a generalised Killing vector, as required. This completes 
the proof of Theorem 16.11 ■ 

Observe that under the conditions of Theorem 16. 11 alternative (Hi) of The- 
orem |HI31 shows that (fl',vr;^) is a critical point in all x £ for the functional 

W(5,7r;e)- / iee + eS^). 
Jm 
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